In this paper, we propose a new semidiscrete Hirota equation which yields the Hirota equation in the continuum limit. We focus on the topic of how the discrete space step δ affects the simulation for the soliton solution to the Hirota equation. The Darboux transformation and explicit solution for the semidiscrete Hirota equation are constructed. We show that the continuum limit for the semidiscrete Hirota equation, including the Lax pair, the Darboux transformation and the explicit solution, yields the corresponding results for the Hirota equation as δ → 0.
Introduction
The Hirota equation
was introduced in [1] and studied in a number of papers [2] [3] [4] [5] . The following conclusions were reached for the Hirota equation:
-it is an integrable equation; -it has complex exact N-soliton solutions; -its rogue waves were found; -it can be applied to describe the vortex motion in physics and to nonlinear optics [6, 7] ; and -it is gauge equivalent to a one-dimensional Heisenberg spin system [8] . which was derived by Porsezian & Lakshmanan [9] using the Ablowitz-Ladik formulation. Its bright and dark soliton solutions were obtained using the Hirota bilinear method [10, 11] , and its discrete rogue waves were given in [12] . Set the following transformations:
where δ is the discrete space step. One can check that under transformation (1.3) the discrete Hirota equation (1.2) yields the Hirota equation (1.1) with the order approximation O(δ 2 ) as δ → 0. However, the continuum limit of these explicit solutions, whether solitons or rogue waves, does not yield the corresponding solutions to the Hirota equation. A natural question is: does the space step δ influence the simulation of the soliton solutions? The question relates to the continuum limit theory of semidiscrete integrable systems, which is an important issue in integrable systems [13] [14] [15] [16] [17] [18] [19] . In this paper, we focus on the topic of how the discrete space step δ affects the simulation for the soliton solution to the Hirota equation. We construct and investigate the following new integrable semidiscrete Hirota equation:
Under the transformation
the semidiscrete Hirota equation (1.4) yields the Hirota equation (1.1) with the order approximation O(δ 2 ) as δ → 0. We construct the Darboux transformation and soliton solutions to equation (1.4) . We show that the continuum limit for the semidiscrete Hirota equation, including the Lax pair, the Darboux transformation and the explicit solution, yields the corresponding results for the Hirota equation as δ → 0. We should remark here that such semidiscrete soliton equations possess Virasoro symmetry algebras and continuous Lax counterparts [20, 21] .
Darboux transformation and the soliton solution to the semidiscrete Hirota equation (1.4)
In this section, we first give the Lax pair of the semidiscrete Hirota equation (1.4), and then we construct its Darboux transformation. Furthermore, using the Darboux transformation, we obtain multi-soliton solutions to the semidiscrete Hirota equation (1.4). The Lax pair associated with the semidiscrete Hirota equation (1.4) can be derived as
where the matrices L n and M n have the following forms: 
We remark here that the Lax pair (2.1) of the semidiscrete Hirota equation can be derived from that of a semidiscrete coupled modified Korteweg-de Vries (mKdV) equation [19] . In the Lax pair of the semidiscrete coupled mKdV equation, we set
Then the Lax pair (2.1) of the semidiscrete Hirota equation (1.4) is given. Next, we construct the Darboux transformation of equation (1.4) . Let us first make a transformation of the eigenfunction
Under this transformation, the linear spectral problem (2.1) changes to
where the matrices L n [1] and M n [1] are written as
Suppose u n is a solution of (1.4), and ψ
n,2 ) T is an eigenfunction of the spectral problem (2.1) with λ = λ 1 corresponding to the solution u n . One can check that ϕ
(1) * n,1 ) T is also the eigenfunction of the spectral problem with λ = (λ * 1 ) −1 corresponding to the solution u n . Following the method of constructing the Darboux transformation used in the literature [22, 23] , we write the Darboux matrix T (1) n (λ) as
where T (1) n,j ( j = 1, 2, 3, 4) will be determined. Suppose that λ 1 is a solution of det T (1) n (λ) = 0, then the two-column vectors in the matrix T
where We can show that u n and the new potential
n be independent eigenfunctions to (2.1); with λ = λ j for j = 1, 2, . . . N, the Darboux transformation can be iterated. The twofold Darboux transformation is written as
where
In general, the N-fold Darboux transformation is given by 9) and the old and new solution possess the following relation:
Since the time evolution matrix M n is very complicated, the proof of the above result is very long. But it is straightforward. We have checked that the matricesL n andM n possess the same structures as L n and M n , wherẽ
We remark here that the new solution u n [1] in the Darboux transformation can be given by the eigenfunction ψ
n,2 ) T , We also remark here that the N-fold Darboux transformation can be constructed by 
and
where 1 and 2 are described, respectively, by , but the first column and the second column in the are changed, respectively, to (λ N 1 ψ
n,2 ) T . Taking a seed solution u n = 0, and solving the corresponding spectral equation, 
we obtain
where Z(λ) = n ln λ + χ (λ)t and c j (j = 1, 2) are arbitrary complex parameters.
Example 2.1. Taking the eigenfunctions ψ (1) n,j (j = 1, 2) as the following:
2 e −Z(λ 1 ) , and using the Darboux transformation, we get
1 c
, (2.19) where Z R (λ 1 ) and Z I (λ 1 ) are the real and imaginary parts of Z(λ 1 ), respectively, and they are given by We thus obtain a one-soliton solution, n,l (l, j = 1, 2) as the following:
where Z(λ j ) = n ln(λ j ) + χ (λ j )t (j = 1, 2) and using the twofold Darboux transformation (2.8), we obtain a two-soliton solution 
Continuum limit for the semidiscrete Hirota equation (1.4)
We show that the continuum limit for the semidiscrete integrable Hirota equation (1.4) , including the Lax pair, the Darboux transformations and the soliton solutions, can yield the corresponding results for the Hirota equation.
The linear eigenvalue problem of (1.1) is written as
with V
(1)
Suppose that the eigenfunction ψ n and eigenvalue λ of the discrete spectral problem (2.1) and the eigenfunction φ and eigenvalue z of the continuous spectral problem (3.1) possess the following relations:
This means that the Lax pair of the semidiscrete Hirota equation yields that of the Hirota equation in the continuum limit. The N-fold Darboux transformation of the Hirota equation is given by
where 
2 ) T is a solution of (3.1) for z = z j ( j = 1, 2, 3 . . . N). It should be remarked that the Darboux transformation described here is the same as the one given in [24] . By a detailed analysis, we have
Noting that 6) we can show that
We thus reach the conclusion that the continuum limits of the N-fold Darboux transformation and the explicit solutions of the semidiscrete Hirota equation (1.4) yield the corresponding results for the Hirota equation (1.1). We remark here that, by a direct analysis of equation (2.11), we can obtain the relationship between u n [1] and v [1] :
The solution v [1] given here is exactly the same as the one obtained in [24] .
Example 3.1. We show that the continuum limit of the one-soliton solution to the semidiscrete Hirota (1.4) yields the one-soliton solution to the Hirota equation (1.1). Setting λ 1 = e z 1 δ , c (1) i = δc (1) i , and noting β = 2γ δ, we have
and the relation of the discrete eigenfunction and the continuous eigenfunction is given by
where φ
1 e X(z 1 ) and φ z 1 ) + ) , (3.15) where e = |c The solution v [2] is a two-soliton solution to the Hirota equation. We also note that the two-soliton solution v [2] given by equation (3.19) has the same formula as the one obtained in [24] .
Conclusion and remarks
In this paper, we have obtained In the future, we will study the following topics: (i) breather and rogue wave solutions of the semidiscrete Hirota equation (1.4) and (ii) whether their continuum limits yield the corresponding results for the Hirota equation.
